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Some Inequalities for Steiner Systems
RYUZABURO NODA
We give some inequalities for Steiner systems S.t; k; v/ which improve the inequality v  .t C l/
.k − t C l/ and Fisher’s inequality v − t C l  .k − t C l/.k − t C 2/.
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1. INTRODUCTION
We mean by a partial Steiner system PS.t; k; v/ a pair .; / where  is a set of v points
and  a set of k-subsets (called blocks) of  such that any t-subset of  is contained in at
most one block. A Steiner system S.t; k; v/ is a partial Steiner system such that any t-subset
is contained in exactly one block. The greatest number of blocks in partial Steiner system
PS.t; k; v/ is denoted by .t; k; v/. Then it is easily seen that
.t; k; v/ 
(
v
t
(k
t
 (1.1)
with equality iff there exists a Steiner system S.t; k; v/. If .; / is a partial Steiner system
PS.t; k; v/ with v − 2k C t > 0 then .; f − B j B 2 g/ is a partial Steiner system
PS.v − 2k C t; v − k; v/ and conversely. Therefore if v − 2k C t > 0 we have
.t; k; v/ D .v − 2k C t; v − k; v/: (1.2)
Then by (1.1) we also have
.t; k; v/ 
(
v
2k−t
(
v−k
k−t
 ; (1.3)
It is convenient to define .0; k; v/ D .v− 2k; v− k; v/ if v > 2k. Partial Steiner systems
introduced in the following Proposition play an important role in this paper.
PROPOSITION. Let .; / be a Steiner system S.t; k; v/ with 2  t < k < v. Let B be a block
and p1; p2 distinct points in − B. Put 5 D fB \ C j C 2 ;C 3 p1; p2; jC \ Bj D t − 1g.
Then .B;5/ is a partial Steiner system PS.t − 2; t − 1; k/.
The proof of this Proposition is easy. We can now state our results.
THEOREM 1. For Steiner systems S.t; k; v/ with 2  t < k < v an inequality
k
t − 1

.k − t/  .t − 2; t − 1; k/.v − k − 1/ (1.4)
holds with equality iff a partial Steiner system PS.t − 2; t − 1; k/ in the Proposition has the
maximum number .t − 2; t − 1; k/ of blocks.
By (1.1) and (1.4) we have Fisher’s inequality v − t C 1  .k − t C 1/.k − t C 2/. Also by
(1.3) and (1.4) we have the inequality v  .t C 1/.k− t C 1/ for Steiner system S.t; k; v/ [1, 3,
Theorem 3A.5].
In [2, Theorem 1] Scho¨nheim gave the following bound for the function .t; k; v/.
.t; k; v/ 

v
k

v − 1
k − 1

  

v − t C 2
k − t C 2

v − t C 1
k − t C 1

  

: (1.5)
By (1.2), (1.4) and (1.5) we have the following.
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COROLLARY 2. For Steiner systems S.t; k; v/ with 2  t < k < v an inequality
k
t − 1

.k − t/ 

k
t − 1

k − 1
t − 2

: : :

k − t C 4
3

k − t C 3
2

: : :

.v − k − 1/ (1.6)
holds. Here [m] is the maximal integer not exceeding m.
COROLLARY 3. For Steiner systems S.t; k; v/ with 2  t < k < v an inequality
k
k − t C 1

.k − t/ 

k
k − t C 1

k − 1
k − t : : :

t C 2
3

t C 1
2

: : :

.v − k − 1/ (1.7)
holds.
The inequalities (1.6) and (1.7) improve Fisher’s inequality and the inequality v  .t C 1/
.k − t C 1/, respectively. The non-existence of a Steiner system S.4; 10; 66/ follows from
Corollary 2.
The known examples of Steiner systems achieving the bound (1.4) are projective planes,
extensions of them, S.4; 5; 11/ and S.5; 6; 12/.
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